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Abstract 

We study anomalies of six-dimensional gauge theories compactified on orbifolds. In 
addition to the known bulk anomalies, brane anomalies appear on orbifold fixpoints 
in the case of chiral boundary conditions. At a fixpoint, where the bulk gauge group 
G is broken to a subgroup H, the non-abelian G-anomaly in the bulk reduces to a 
H-anomaly which depends in a simple manner on the chiral boundary conditions. 
We illustrate this mechanism by means of a SO(IO) GUT model. 



1 Introduction 



The structure of the standard model of strong and electroweak interactions, its gauge 
group and field content, points towards an underlying unified theory (GUT) of all par- 
ticles and interactions. The simplest GUT group which unifies the gauge interactions 
of the standard model is SU(5) [1]. With the present evidence for neutrino masses and 
mixings the larger gauge group SO (10) [2] appears particularly attractive. It contains 
SU(5) as well as the Pati-Salam group SU(4)xSU(2)xSU(2) [3] and flipped SU(5) [4] as 
subgroups. 

The quest for unification with gravity points towards supersymmetry and higher 
dimensions. Orbifold compactifications [5] then provide a promising bridge to the four- 
dimensional world since they generically lead to chiral gauge theories as effective theo- 
ries in lower dimensions. Hence, orbifold compactifications provide an attractive starting 
point for attempts to embed the standard model of particle physics into higher dimen- 
sional string and field theories. 

Orbifold compactifications also allow to break the gauge symmetry of grand unified 
theories to the standard model gauge group in an attractive and simple manner. In 
particular, the breaking of the GUT symmetry automatically yields the required doublet- 
triplet splitting of Higgs fields [6]. Several SU(5) models have been constructed in five 
dimensions (5d) [6]-[9], whereas six dimensions are required for the breaking of SO(IO) 
[10, 11]. Global anomaly cancellation [12] or extended supersymmetry [13] in 6d can also 
be used to explain the number of quark-lepton generations. 

In general, orbifold compactifications lead to anomalies at orbifold fixpoints. So far, 
this has been studied for U(l) symmetries in 5d theories [14]-[17] and for lOd hcterotic 
orbifolds [18] , where no bulk anomalies exist. The cancellation of the branc anomalies 
at orbifold fixpoints is crucial for the consistency of the orbifold compactification and 
the field content of the theory. 

In the present paper we investigate anomalies in orbifold compactifications of 6d the- 
ories. This is motivated by recently proposed supersymmetric 6d GUT models. Contrary 
to five dimensions, bulk anomalies exist in six dimensions for N=l supersymmetry, and 
the question arises how branc and bulk anomalies are related. 

It turns out that Fujikawa's method of calculating anomalies is particularly well 
suited to study this question. In section 2 we shall explicitly calculate the U(l) anomaly 
of a 6d Weyl fermion on the orbifold M = TV" x T"^ / Z2 and compare the result with the 
anomaly in flat space M — TiP and on the torus, M = TV" x T^. In section 3 we extend this 
result to non-abelian anomalies and determine the general connection between the brane 
anomalies and the chiral boundary conditions at orbifold fixpoints. This pattern will be 
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illustrated in more detail in section 4 by means of the SO (10) GUT model proposed in 
[19]. Our results are summarized in section 5, and some useful formulae are collected in 
the appendices. 

2 The abelian anomaly in six dimensions 

Consider a Weyl fermion with U(l) gauge interaction in six dimensions, which is 
described by the lagrangian 

C = i^{z)iV^DM'^{z) . (1) 

Here Dm = c^m + ^m, M = 1 ... 6, is the covariant derivative with field strength Fmn = 
[Dm, Dj^Y. The 6d Wcyl fermion is composed of two 4d Weyl fermions with opposite 4d 
chirality, tp = (iPlt'iPr), with JqiPl = —'4'l and j^ipR = i/jr; ip has negative 6d chirality, 
i.e. Fri/j = -ijj, where Fr diag(75, -75). 

Naive dimensional reduction to five dimensions yields a U(l) gauge theory with a 
Dirac fermion, X = i^L + ipR, with U(l) gauge interaction, 

jC = xiz)h''DMx{z) , (2) 

where 7^^, M = 1 ... 5, are the usual 4d 7-matrices. This model has been discussed in 
the literature in connection with anomalies arising on the orbifold S^/Z2 [14]- [17]. 

We now consider the compactification of the 6d theory on the orbifold M = TZ'^ x 
T"^ /Z2. The two elements of the group Z2 arc the identity and the reflection at one point 
on the torus T^, e.g. y —y, where y = (2;^, z^). The orbifold T"^ /Z2 has four fixpoints, 
yi = (0,0), 1/2 = (7r-R5,0), ys = (0,7ri?g) and y^ = {tiR^,-kRq), which correspond to the 
four corners of a 'pillow'. Here i?5, Rq are the radii of the torus in the and z^ direction 
respectively. For the fermion il) we impose chiral boundary conditions, 

i^L{x, y) = '0l(x, -y) , ^I}r{x, y) = -iI)r{x, -y) , (3) 

where x denotes the coordinates of flat 4d Minkowski space. In terms of the complete 
system of mode functions (cf. appendix C), the fermions V'l and V'r can be expanded as 

mn mn 

Invariance of the lagrangian under the Z2 symmetry requires for the background gauge 
field, 

{■>■■ .'/) = -4/, (.r . -y) , A^^q{x, y) = -A5^q{x, -y) . (5) 
^Our conventions for the F-matrices are listed in appendix A. 
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Note, that A^^q vanishes at the fixpoints i/i, i — 1 . . .A. 
The effective action r[A], which is defined by 

gir[A] ^ j ^^^^exp (^i J (fz£^ , (6) 

transforms under infinitesimal gauge transformations SvAm = OmV as 

5,r[A] = J d'z (a^ [v{z) Jm{z)] - v{z)d''jM{z)) , (7) 

where Jm{z) = 6r[A\/6A'^'^ (z) is the U(l) current. We have kept for gcnerahty the bound- 
ary term due to the partial integration. In the case of singular currents and manifolds 
with boundaries, like in the orbifold case, a contribution from the boundary can survive 
[20]. Due to the non-invariance of the measure DipDip gauge invariance is spoiled [21], 

S^r[A]^- 1 d''zv{z)A{z) . (8) 

For vanishing boundary term the divergence of the current is then given by the anomaly 
[22], 

d'^JMiz) = A{z) , (9) 

which can be expressed as a trace over modes of ip and ■0, respectively [21]. 

Let (f)n be a complete set of eigenfunctions 0^ of the hermitian operator p'^ — 
(T^Dm)^ with eigenvalues A^, i.e. p'^(f)n — A^0„. A left-handed 6d Weyl fermion ijj 
can be expanded into eigenfunctions of p"^ and (1 — r7)/2. Correspondingly, t/S is right- 
handed and can be expanded in eigenfunctions of p"^ and (l-|-r7)/2. The anomaly is then 
given by the difference of sums over left-handed and right-handed modes, respectively 
[21, 23, 24], 

^(^) = i™,E {<l^ii^)^-^Mz) - <PUz)^-^Uz)) e-'"/^' , (10) 

where the sum has been regularized by the ultraviolet cutoff A. Choosing plane waves as 
eigenfunctions in flat space, one obtains [23], 

A{z) = - hm Tr / -^T,e"''e-^'/^"e-"'' 
^ ' A-»oo j (27r)6 

^ ~A™ / TT^rvexp ( — — [r ,r ]Fmn 



(27r)6 '^ ^V 4A 



(2vr) 

e^^^«^^FMivFpQF^5 . (11) 



3!(47r) 
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Here Tr denotes the trace over Dirac matrices in 6d, and after Wick rotation to Euclidean 
space the metric is 77^ = Smn- 

If two of the six dimensions are compactified on a torus one can choose as eigen- 
functions the product of 4d plane waves with the orthonormal modes on (cf. 
appendix C). The sum over all modes then reads 

TV / iBr^e^'"" E e-"^ + i-'M) . (12) 

which, in the limit Ai?56 — > 00, becomes the 6d sum of fiat space, i.e. 
/ (i®A;/(27r)^exp (/c^/A^). Hence, the abelian anomaly on M — iV" x T"^ is identical to 
the one in fiat space. 

Consider now compactification on the orbifold M — TV" x T'^/Z2. In this case the 
physical space corresponds to the pillow with corners yi = (0,0), y2 = (7ri?5,0), — 
{0,7iRq) and 1/4 = {ttR^jTtRq), with half the volume of the torus. The variation of the 
action then reads 

S,r[A] = -fd'^xf d^yv{x,y)d''jM{x,y) (13) 



j^,^^ d^yv{x, y)A{x, y) (14) 
d'^x d'^yv{x,y)Acov{x,y) , (15) 



where in the last hne we have extended the integral to the covering space T^. In this way 
we can resort to the trick of using mode functions on and compare more directly the 
result with the torus case. For the relation between A and Acov see appendix D. 

Another difference is that on the orbifold the chiral boundary conditions (3) have to 
be taken into account in the sum over the modes of ip and 'ip. This can be done by means 
of the projection operators 

^-^PhR) , (16) 
where the 4d chirality operator acting on 6d spinors is defined as 

and Pl{r) — T 75)/2 is the usual 4d chiral projector. The operators in eq. (16) single 
out the components ipL{R) of the 6d Weyl spinor ip. For the anomaly one then obtains 
(cf. (11)), 
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which is conveniently expressed as 
AU^,y) = -^il-Tr/^e'=VA^|:e-^exp(^[r-r-]FM^.) (19) 



X 

The term proportional to is identical to the anomaly on the torus, up to a factor 

1/2. Hence, we obtain on the covering space half the bulk anomaly of fiat space. This is 
plausible since we have projected out half of the modes. In fact we can write the torus 
wavefunction as a sum of two orbifold wavefunctions with opposite parities and recover 
the result of eq. (12). Remember anyway that the orbifold bulk anomaly on the physical 
space is larger by a factor 2 (cf. appendix D), so that locally one cannot distinguish the 
global properties of the space. 

On the other hand, the sum over the difference of modes, — C-), is finite (cf. 
appendix C) , and independent of the cut-off, 

mn 

Correspondingly, taking the limit A oo, the term proportional to 

Tr (Pr - Pl) ([r^, T^]FMNy vanishes, whereas a term Tr (P^ - Pl) {[T^ , r^]PMiv)^ 
survives, proportional to the 4d anomaly. Combining both terms we finally obtain for 
the anomaly, 

Ao.(x, 2/) = - l^[^3''''''''^'''FMNFpQFns + ^y^5o(2/)e^^^'^FM.Fp. • (21) 
As described in the appendix D, the anomaly on the physical space r7^2 reads then 
A{x, y) = - ^y^6^^^«^^FMArPpgPi^5 + ^^Mvy^'^F^.F,^ ■ (22) 

The interpretation of this result is obvious: the first term is the usual 6d bulk anomaly, 
and the second term, generated by the chiral boundary conditions at the orbifold fix- 
points, is a locahzed 4d anomaly. Note that the sum of the 4d anomahes at the fixpoints 
equals the 4d anomaly of the zero mode In fact the contributions of the massive 
modes to the integrated anomaly compensate each other for every Kaluza-Klein level 
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(m, n). In the effective 4d low energy theory therefore only the contribution of the zero 
modes survives, if the bulk anomaly vanishes. 

For comparison, it is instructive to compute also the abelian anomaly in five dimen- 
sions, on the orbifold M — TZ'^ x jZ^. The two fixpoints are yi = and y2 = tt-Rs, 
with y — z^. The chiral boundary conditions are again given by eq. (3). Fermions are 
now four-component spinors, x = V'i + V'R) ^'^'^ l^ft- and right-handed spinors can be 
expanded in terms of and respectively (cf. appendix C). The trace formula (18) 
for the 6d anomaly then becomes 



A-*oo J 27rp tr' 



(PLifiy) + PrC^v)) - {PRCfiy) + PlC-^v))] , (23) 



which yields 

A^(..y) = -bjnT>/^e''/*'E--*-p(i^[r",r>M«) 

X [75 {if{y) - ■ (24) 

As on the torus, the sum over the differences of modes, (^^ — ^^), is finite, and one finally 
obtains 

AU^, y) = A{x, y) = i (5{y) + 5{y - ttR')) ^^e^''^'^ F^^F,, . (25) 

This result has previously been obtained [14] by direct evaluation of the divergence of the 
5d U(l) current, using the known 4d anomaly, and also by means of Fujikawa's method 
[16]. 

3 The non-abelian anomaly 

The abelian anomaly (22) is most conveniently written as differential form. With 

A = Audz^ , F = dA= ^FMNdz^dz^ , (26) 
one obtains for the 6- form A = A{z)dz^ . . . dz^, 

i = - + 5oiy)dz'dz'^^F^ , (27) 

where wedge products are understood. 
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Consider now a 6d Weyl fermion in a non-abelian background field which is an 
element of the Lie algebra, i.e. Dm — Om + Am and Am — iA^T"', where are the 
generators of the group G. Field strength and gauge variation are now 

F^dA + A^, SyA = dv+ [A, v] , (28) 

where v — iv"'T°'. The variation of the effective action, neglecting the boundary term, is 
given by 

5,V[A] = - j d^zv^'iz) (^"(z) + A^^(z)) . (29) 

The non-abclian anomaly A"" + ^wz satisfies the Wess-Zumino consistency conditions 
[25]. It differs from the covariant anomaly A"' by A^^, a local polynomial in the gauge 
field [24]. Since we are only interested in the question of anomaly cancellation, we can 
ignore this difference and consider just the covariant anomaly which is again given by a 
trace formula [24], 



A^{z) = ^lim X: [<PUz)T^^M^) - <Piiz)T''-^Mz)) e-'"/^ ■ (30) 

A calculation completely analogous to the one in section 2 then yields for the non-abelian 
anomaly on the orbifold 7?.^ x T^jZ^, 

'3 "2 

A\x, y)^- j^tr (r«F3) + So{y)dzV-^tr {t^F') , (31) 

where tr denotes the trace over the fermion representation of the group G. 

Boundary conditions at orbifold fixpoints can be used to break the group G to 
a symmetric subgroup H. This is achieved by means of an automorphism of the Lie 
algebra, characterized by a parity operator P, with = I. For the gauge field A, the 
corresponding boundary conditions read 

PA^{x,-y)p-' = +A^{x,y), PA^^ix, -y)p-' ^ -A5,e{x,y) . (32) 

Note, that P acts differently on the generators of H and T" of G/H, 

prpap-l ^ j^rp~a ^ prpap-1 ^ _rpa ^ ^33^ 

allowing zero modes only for and A'^q. Also the 6d gauge transformations are re- 
stricted to those with di^v"'{x,0) = , c?5,6f "(a;, 0) = 0. Hence, only the local symmetry 
corresponding to H is present at the orbifold fixed point. 

The 6d Weyl fermion, ip = {iPl,'^r), splits into two, in general reducible, represen- 
tations of H, = (■0i,'^2), which have positive and negative parity, respectively. 



P^i{x, y) = +-01(2;, y) , Pip2{x, y) = -il^2{x, y) 
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(34) 



The chiral boundary condition (3) then becomes 

Pii)Li{x,-y) = +'iljLiix,y) , PiljL2ix,-y) = -i^L2ix,y) , (35) 
Pi>Ri{x,-y) = -ijjmix^y) , Pi>R2{x, -y) = +i'R2{x,y) . (36) 

These boundary conditions allow only two 4d zero modes, one left- and one right-handed 
fermion in two different representations of H, which can be characterized by the projection 
operators Pi = (1 + P)/2 and P2 = (1 - P)/2. 

We can now again calculate the non-abelian anomaly on the orbifold with the new 
boundary conditions which break G to H. The anomaly is given by the same expression 
as (18) except for the mode sum which has to be replaced by 

mn ^ ^ 



mn 



i + r7 



{PrP, + PLP2) iv) + {PrP2 + PlPi) C"' (i/)] } ■ (37) 



2 

This expression can again conveniently be written in the form of eq. (19), with the mode 
sum. 



T.^-^{T,{cr\y) + C''\y)] 

mn 

+ (pr - Pj) (Pi - P2) (iT\y) - ■ (38) 

Note that, as before, Pr — Pl = diag(75, 75), while Pi — P2 = P. 
The final expression for the anomaly then reads 

M^,y) = -J^s^' {T''F')+5o{y)dz'dz'-^tT{{P,-P2)T'^F') (39) 

- - (^tr {t^F^) + 5o{y)dz'dz'j^^i. (PT"P^) . (40) 

The only difference with respect to eq. (31), the anomaly in the case without symmetry 
breaking, is the appearance of projection operators, and therefore of the parity operator 
P, in the second term. At the fixpoint, the group G is broken to the subgroup H. It is 
therefore consistent to have in the fixpoint term of the anomaly projection operators Pi 
and P2 for the two different representations of H. The relative sign is different, since the 
chiral boundary conditions (35), (36) associate a 4d left-handed fermion with Pi and a 
4d right-handed fermion with P2. 

At the fixpoint only the gauge group H can act, and the gauge variation df^v"" for 
the cosct G/H vanishes there. Correspondingly, for the localized anomaly the trace 
tr (PT'^F^^ vanishes for any generator T"' belonging to the coset G/H, since we have 

tr (PT^F"^) = -tr (pT^F'^) = , (41) 
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from Pr« = -T^P and PF^ = F^P. 

Similarly, also the bulk anomaly at the fixpoint is non-zero only for generators 
belonging to if. In fact, there the non- vanishing fields are F^^, F^^ and F^g, F^g. Hence, 
the only completely antisymmetric terms are of the type 

corresponding to the bulk H anomaly term, and the mixed piece 

Both group traces vanish identically for generators belonging to G/H, since they 
contain an odd number of generators oi G/H, with negative parity. 

So at the fixed point the non-abelian anomaly is restricted to the subgroup H of the 
original group G. But while the brane anomaly contains only F^^ and reduces automati- 
cally to the anomaly of the unbroken subgroup H, in the bulk piece an additional mixed 
term (43) survives. 

If we integrate over the compact space, we obtain two contributions that affect the 
low energy effective 4d theory: on one side part of the bulk anomaly survives and gives 
rise to derivative interactions between the zero modes and the Kaluza-Klein tower of the 
gauge field, on the other hand the locahzed piece reduces to the 4d anomaly of the zero 
modes, as in the case of the abelian anomaly. 

Therefore, in order to have a viable 4d low energy theory, we need to impose the 
vanishing of the irreducible bulk anomaly and also require an anomaly-free configuration 
for the zero modes. 

4 An SO(IO) GUT model 

We are now ready to consider a more interesting example, the SO(IO) GUT model pro- 
posed in ref. [19]. We consider SO(IO) Yang- Mills theory in 6d with N=l supersymmetry. 
The gauge fields Am and the gauginos Ai, A2 are conveniently grouped into vector and 
chiral multiplets of the unbroken N=l supersymmetry in 4d, 

A={A^,X,), E = (A,6,A2). (44) 

Here A and E are matrices in the adjoint representation of SO(IO). 

Symmetry breaking is achieved by compactification on the orbifold T'^ jiZ^y. Z^^ x 
Z^'^) . The discrete symmetries break the extended supersymmetry. They also break 
the SO(IO) gauge group down to the subgroups SO(IO), Gp5=SU(4)xSU(2)xSU(2), 
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Ggg=SU(5)xU(1)x and G/z=SU(5)'xU(l)', at the four fixpoints = yo = (0,0), 
2/2 = yps = {T^Rrj2, 0), ?/3 = yac = (0, vri?6/2) and y^ = yji = ■kR&/2), 

PiA{x, yo - y)Pr' = ViM^, yo + y) , (45) 

PpsA{x, yps - y)Pps = VpsM^^ Vps + y) , (46) 

PggA{x, ycG - y)PGG = VggM^, yGG + v) , (47) 

PfiA{x,yfi-y)Pfi' = r]fiA{x,yfi + y) . (48) 

Here Pj = I, the matrices Pps and Pgg are given in the appendix, and Pji = PggPps, 
with r]fi = tiggVps- The parities are chosen as rji = rjps = rjcG = +1- The extended 
supersymmetry is broken by choosing in the corresponding equations for S all parities 

= -1- 

Figure 1 shows the four fixpoints, together with their three images each, on the 
covering space T^, with G {—nR^,7iR^] and G (— 7ri?e, VT-Rg]- The physical region is 
obtained by folding the shaded region along the dotted line and gluing the edges. The 
result is a 'pillow' with the four fixpoints as corners. The unbroken gauge group of the 
effective 4d theory is given by the intersection of the SO(IO) subgroups at the fixpoints. 
In this way one obtains the standard model group with an additional U(l) factor, Gsm' = 
SU(3)xSU(2)xU(l)y xU(l)x- The zero modes of the vector multiplet A form the gauge 
fields of GsM'- 

Matter and Higgs fields have been introduced motivated by the coset spaces 
E8/(SO(10)xHi7) where Rp is a subgroup of SU(3)xU(l) [26]-[29], which have pre- 
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viously been discussed in connection with 4d supersymmetric cr-models. In the case 
Rp =SU(3)xU(l) the complex structure, and the corresponding representation of chiral 
multiplets is unique, 

n = (16, 3)i + (16*, 1)3 + (10, 3*)2 + (1, 3)4 . (49) 

The SO(IO) representations can in principle account for three quark-lepton generations, 
contained in the three 16's of SO (10), one mirror generation 16* and Higgs fields in the 
lO's. For bulk fields, however, only split multiplets appear as zero modes in the effective 
4d theory 

It is remarkable that the requirement of SO(IO) bulk anomaly cancellation determines 
the distribution of the SO (10) multiplets between bulk and branes. The vector multiplet 
is a 45-plet of SO (10) which has a 6d anomaly. The irreducible anomalies of fermions in 
the adjoint, vector and spinor representations are related by (cf. [30]), 

a(4) (45) = 2a(4) (10) , a(4) (16) = a(4) (16*) = -0(4) (10) . (50) 

Since fermions in vector and hypermultiplets have opposite chirality, the irreducible 
anomaly of the vector multiplet can be canceled by adding two 10-plet hypermultiplets. 
Hi and H2. The complex structure (49) then requires all three 10-plets, and, conse- 
quently, also the 16*-plet to be bulk fields whereas the three 16's have to reside on 
branes. 

As discussed in [19] , one can obtain the supersymmetric standard model with right- 
handed neutrinos as effective 4d theory from this distribution of fields. A vacuum expec- 
tation value of 16* can then break B — L and generate Majorana neutrino masses. To 
achieve this, the parities of the hypermultiplets have to be properly chosen, 

PiH{x,yo-y) = riiH{x,yo + y) , (51) 
PpsH{x, yps -y) = VpsH{x, yps + y) , (52) 
PggH{x, yoG -y) = VggH{x, ycG + y) , (53) 

with rji = ±1 (i = I ,PS,GG). The parities of the three 10-plets Hi, H2, H3 and 
the 16*-plet are listed in table 1. All hypermultiplets spht under the extended 6d 
supersymmetry into two N=l 4d chiral multiplets, H — [H, H'). The two 4d left-handed 
fermions in the two chiral multiplets, Hl and /i^, transform with respect to G as complex 
conjugates of each other. The 6d Weyl fermion is h — {hi, h'£). Invariance of the action 
requires that the parities of the 4d multiplets H and H' are opposite. We have denoted 
by rji the parities of the first 4d chiral multiplet, and we have chosen rji — +1. 

The discrete symmetry Zps implies automatically a splitting between the SU(2) 
doublets and the SU(3) triplets contained in the 10-plets. The choice rjps — +1 leads 
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SO(IO) 


10 


Gps 


(1,2,2) 


(1,2,2) 


(6,1,1) 


(6,1,1) 


Ggg 




5+2 


5*-2 


5+2 






H 




G 




yPS yGG 


yPS yGG 
^2 ^2 


yPS yGG 
^2 ^2 


yPS yGG 
^2 ^2 


H, 


+ + 


+ 


+ 




H2 


+ 


+ + 




+ 




+ 




+ + 


+ 


SO(IO) 


16* 


Gps 


(4*, 2,1) 


(4*, 2,1) 


(4,1,2) 


(4,1,2) 


Ggg 


10*+i 


5-3 


10*+i 


5-3, 1+5 






L" 


U,E 


D,N 




yPS yGG 
^2 ^2 


yPS yGG 
^2 ^2 


yPS yGG 
^2 ^2 


yPS yGG 
^2 ^2 






+ 


+ 


+ + 



Table 1: Parity assignment for the bulk 10 and 16* hypermultiplets. — and 



to massless SU(2) doublets and massive colour triplets (cf. table 1). Choosing further 
^GG = +1 for Hi and rjcG = ~1 for H2, selects the doublet H'^ from the SU(5) 5*-plet 
contained in Hi, and the doublet H from the SU(5) 5-plet of H2 (cf. table 1). The doublets 
H"^ and H have the quantum numbers of the Higgs fields and respectively, in the 
supersymmetric standard model. 

For the set of SO (10) fields given by eq. (49) the irreducible bulk anomalies cancel, 
but reducible bulk anomalies remain. In particular, the reducible anomaly of the 45 is 
not canceled by the anomalies of the three lO's and the 16*, and the variation of the 
effective action reads 

5yr[A] = c y tr (vdA) tr (f^) , (54) 

where c is a constant. This reducible anomaly can be canceled by the Green-Schwarz 
mechanism [31], where an antisymmetric tensor field B with axion-like coupling is intro- 
duced, 

Sb^cJ BtT . (55) 
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Requiring B to transform as 



tr (vdA) , 



(56) 



one obviously has 5^r[74] + 8^83 — 0- 

In addition to the bulk anomalies one has to worry about the brane anomalies induced 
at the four fixpoints by the chiral boundary conditions. Note that these anomahes contain 
also as do the reducible anomalies, but cannot be canceled by the Green-Schwarz 
mechanism since they contain also information about the group index, absent in the case 
of the singlet field B. 

In terms of the two 4d left-handed fermions contained in the chiral multiplets H 
and H' the left-handed 6d Wcyl fermion is given by h = (hi^h'f). It transforms with 
respect to SO (10) and its subgroups like h^. The chiral boundary conditions (51)- (53) 
together with the corresponding equations for H' are then the analogue of the chiral 
boundary condition (35), (36) discussed in section 3. The SO(IO) bulk symmetry is now 
broken to different subgroups at the four fixpoints. Correspondingly, bulk fields split into 
representations of the common subgroup Gsw- 

Consider as an example the 10-plct Hi, with the parities listed in the tabic. The split 
multiplets can be described by projection operators which act on the SO(IO) 10-plet, 
i.e. Ph'^, Ph, Pc and Pq- Different sums project on representations of the fixpoint GUT 
groups, in obvious notation. 



where P denote projection operators of flipped SU(5). 

It is straightforward to calculate the nonabelian anomaly following the procedure 
discussed in the previous section and generalizing to the presence of three parities. The 
sum over modes now involves the projection operators on all the states listed in the table 
as well as mode functions with the corresponding parities. Instead of (37) one obtains 



Phc + Ph^ P(i,2,2) , Pgc + Pg^ P(6,1,1) , 
Pffc -I- Pqc — P(5*,_2) , Ph + Pg — P{5,2) , 
Pffc + Pq — P{5*,-2) , Ph + Pg" — P{5,2) , 



(57) 
(58) 
(59) 



^ e ^ -—^ [Pl {Ph^^T++ + Ph^T+- + Pg4+-+ + Pg^7-- ) 

mn ^ 

+Pr {PhcC-J + PhC-+^ + Pg-^CV + PgCI+) 

1 _l_ "P 

2 — [^R [^H'^'i+++ + ^HC,++- + -rG=4+-+ + -n34+ — ) 

+Pl (Ph4--- + PHi--+^ + Pg4-1- + ^6^-^+')] } ■ (60) 
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As in section 3 the various terms can be combined into two expressions which yield the 
bulk and brane anomalies, respectively, 

mn {. be 

+ {pR - Pl) {Phc - ^---') + Ph {i+v - 

+Pgc cV) + Pg (C"-' - ^-1+ ))] ; (61) 

here we have neglected a contribution to the bulk anomaly which vanishes in the limit 
A oo. Given the relations for sums over mode differences given in appendix C, one 
finally obtains for the anomaly, 

AlovioM = -^^trio(r«F3) 

+Sps{y)trio ((P(l,2,2) - ^(6,1,1))^'^^') 
+SGG{y)tTio ((P(5*,-2) - P(5,2))T"F2) 

+Sfi{y)tr,o ((P(5%-2) - ^5,2))^"^^')] ■ (62) 

Going to the physical space T^/(Z| x x ^^'^) , the bulk anomaly changes by a factor 
8, whereas the fixpoint contributions only by a factor 4 (cf. appendix D). The final result 
reads 



+Sps{y)trio ((P(l,2,2) - P(6,l,l))^"^' 
+SGG{y)trio ((P(5*,-2) - P(5,2))T'^F2 

+5fi{y)tr^o ((P(5*,-2) - P(5,2))T«F2)] _ (g3) 

At the fixpoints the SO(IO) anomaly is reduced to an anomaly of the unbroken subgroup, 
with a coefficient which is determined by the difference of the anomalies into which the 
10-plet is split. Since SO(IO) is anomaly free in 4d, and also (1, 2, 2) and (6, 1, 1) have 
no Gps anomaly, one is left with SU(5)^xU(l)x and U(l)|^ anomahes at yaa and y/;. 
Using eqs. (58)-(59) one easily verifies that the anomaly integrated over T^/Zf equals 
the anomaly of the zero mode iff. 

It is now straightforward to write down the anomaly of the 16*-plet, given the parities 
and split multiplets listed in the table. 



Ale4^,y) = - T^tne* (^"^') (64) 



{2n) 
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+ (^P5(y)tri6* ((P(4,l,2) - P(4%2,l))r"F^) 
+(^GG(y)tri6* ((P(5,-3) + ^(l,+5) - P(10M))T"F2) 

+<^/K?/)tri6* ((^5,-3) + Ai,+5) - AiOM))^"^')' ■ 

Contrary to the 10-plet anomaly, also on the PS fixpoint an anomaly is generated. The 
integrated anomaly equals again the sum of the contributions from the zero modes D 
and A^. 

The 45-plet of gauginos contributes to the bulk anomaly. At the fixpoint yps, it 
splits into (15, 1, 1), (1, 3, 1), (1, 1, 3) and (6, 2, 2), which are all anomaly free. At yea 
and yfi the split multiplets are 24o, lo, IO+4 and IOI4; since IO+4 and IOI4 have the 
same parities at these fixpoints [10], no anomaly is induced. 

Summing all anomahes, of the 45, the three lO's and the 16* , the irreducible bulk 
anomalies cancel, and the reducible bulk anomaly can be canceled by the Green- Schwarz 
mechanism. There remain, however, brane anomalies with contributions from the 10-plet 

and the 16*-plet 

-Kranei^. V) = (^'^^'^^^ {<^P5(Z/)tri6* ((P(4,l,2) - P(4*,2,l))r»F2) (65) 

+5GG{y) [trio ((P(5*,~2) - i"(5,2))T"P') 

+tri6. ((P(5,-3) + P(l,+5) - P(10M)) 

+(5/Kz/) [trio ((P(5%-2) - A5,2))r«F^) 

+tri6* ((P(5,-3)+P(l,+5)-P(10*,l))r«F^)]} . 

The result can be written in a simpler manner by noticing that 

PPS = -P(4,l,2) - -P(4*,2,l) , (66) 
PgG = P(5*,-2) - P(5,2) = P(5,-3) + P(l,+5) - P(10M) , (67) 
Pfl = As*, -2) - ^5,2) = ^5,-3) + Al,+5) - P{W*,l) , (68) 

SO we have for arbitrary matter content 

V / allfields 

+VGGSGG{y)tr(PGGT^F^)+7lpsVGGSfl{y)tT(PfiT-F^)] .(69) 

Hence the sign of the anomaly at the orbifold fixpoints depends on the signs of the rji. 
The full brane anomaly is given by a simple trace containing the parity operators. Note, 

16 



that the brane anomahes of the 10-plets Hi and H2 cancel each other due to the different 
values of rjoG- 

It is important to realize that the conditions for vanishing brane anomalies are 
stronger than those requiring only the vanishing of the zero mode anomalies. This can 
be seen clearly from the formula above. Integrating over the compact dimensions, we 
obtain 

^tranei^) = 77^ E tv {[rjpsPpS + VGgPgG + VPSVGGPfl]T'' F^) . (70) 
V / allfields 

Clearly, the vanishing of the trace containing all parities does not imply the vanishing of 
the single contributions in eq. (69). 

The cancellation of the brane anomalies (65) requires additional degrees of freedom. 
One possibility is to add multiplets at the fixpoints, whose contribution gives rise to a 
boundary term in eq. (7). In this case the matter content at each brane has to be matched 
to cancel the corresponding anomaly. A simpler solution has been discussed in [19], the 
addition of two more bulk fields: one 10-plct, H4, and one 16-plet, $. Such a 'partial 
doubling' is familiar from supcrsymmctric a- models [32]. In this case the irreducible and 
reducible bulk anomalies as well as all brane anomalies cancel. Note, that this choice 
of fields is still consistent with an eventual embedding of all bulk and brane fields in 
to the 248 of Eg in lOd. Dimensional reduction of N=l supersymmetry in lOd yields 
N=4 supersymmetry in 4d. Hence, the multiplicity of 4d chiral multiplets with quantum 
numbers of the cosct Es/{SO{10) x Hp) has to be less than or equal to four. In the 
model under consideration it would be four for the bulk fields H^^^ and $, <l>^, two for 
the bulk fields Hi and H2, and one for the three 16's on the brane. The phenomenology 
of this model will be discussed elsewhere. 



5 Conclusions 

We have analyzed bulk and brane anomalies of 6d gauge theories compactified on orbi- 
folds. As in 5d theories, chiral boundary conditions at orbifold fixpoints lead to brane 
anomalies in addition to the 6d bulk anomalies. 

For orbifold compactifications Fujikawa's method of calculating anomahes via the 
Jacobian of the path-integral measure is particularly well suited. It yields the covariant 
anomaly as sum over mode functions of the chiral fermions. Hence, boundary conditions 
at orbifold fixpoints, which project out some of the modes, can be directly incorporated. 
For the discussion of anomaly cancellations the covariant anomaly is sufficient although 
it does not satisfy the Wess-Zumino consistency conditions. 
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The main result of our analysis is very simple. The bulk anomaly on the orbifold 
equals the anomalies in flat space and on the torus. Further, at a fixpoint with unbroken 
symmetry H, the non-abelian anomaly of the bulk symmetry G reduces to an anomaly 
of H. If a bulk multiplet of G is split into several multiplets of H at a fixpoint, the H- 
anomaly is a sum of contribTitions of the split multiplets, with signs which are determined 
by their parities. The integrated anomaly equals the anomaly of the zero modes. 

For a given orbifold gauge model one can now easily determine all bulk and brane 
anomalies whose cancellation strongly restricts allowed compactifications as well as 
possible bulk and brane fields. In principle, it is straightforward to extend these results 
from six dimensions to eight and ten dimensions, and to include also gravitational 
anomalies. 
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Appendices 

A Conventions 

In Minkowski space we shall work in the metric 



where M,N ^0, 1, 2, 3, 5, 6. 

The F-matrices in 6 dimensions, satisfying as usual {Tm, ^n} = '^Vmni can be taken 
to be 



with |U = 0, 1, 2, 3. Here 7^, 7^ are the 4d 7-matrices in the notation of Itzykson-Zuber 
[33]. In particular we have 



r]MN = diag(l, -1, -1, -1, -1, -1) , 



(A.l) 




(A.2) 



• D 1 2 3 

75 = «7 7 7 7 



(A.3) 



and 



Tr [757''7"7''7''] = -4ie'^'^'"^ , 
18 



(A.4) 



where we have chosen the convention e°^^^ = +1. 
In 6d we define the analogous of 75, r7(= T'^), by 



p0plp2p3p5p6 

Then, 



V 



75 
-75 



(A.5) 



Tr 



p^pMpATpOpPpQpii" _ g^MNOPQR ^j^ 



where the antisymmetric tensor is chosen as e^^i^ase = Note that in our conventions 
differs by a sign from that of [23]. 

To compute the change of the measure in the path integral, we perform a Wick 
rotation and work in Euclidean space: 



„4 _ ,^0 p4 _ -pO ^ 



X = IX 



with the metric 

77^jv = diag(-l, -1, -1, -1, -1, -1) = -5mn ■ (A.8) 
Fy and 75 are unchanged, i.e. we redefine them by 

= -ir^r^r^r-'^r^r^ = ir^r^r^r^r^r^ , (a.9) 

Also the euclidean antisymmetric tensors are left unaffected, i.e. 

^123456 _ ^123056 _ _^012356 _ _^ (A 11) 

^1234 ^ ^1230 ^ _^0123 ^ (^.12) 

Then the traces over the euclidean 7-matrices are given by 

Tr [757''7"7^7"] = +4e^"^" , (A. 13) 

and 



Tr 



j^^^MpiVpOpPpQpiil ^ ^g^^MNOPQR ^ ^^^^^4) 



where the e-tensors carry euclidean indices. 

The gauge fields of the euclidean Yang-Mills theory are introduced as 

Am = a^T" , (A.15) 
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where denote the hermitian generators of a Lie algebra. The field strength tensor is 
given by 



Fmn — [Dmi Dn] , 
with Dm — Qm + ^m- Then, the kinetic term is 



where is a gauge coupling and Tr 



Tr 



'MAT -I 



?MN 



(A.16) 



(A.17) 



In the text we present the anomaly in the euclidean space. To obtain the usual 
expressions for the anomaly, note that the gauge field in the traditional notation and in 
Minkowski space is given by 



^MN — —^Fmn and Tqm — F^^m , 
where M, N are spatial indices. So we have 

^MNPQRSt^ 771 _ ■2^MNPQRS -rr -rr -rr 

e ^ i'MNi'PQi'RS — « e J^MN-rpQ-TRS 



Axvpa 



P P — jpiJ'Vpcr f f 
^ fjiV^ pa — ''"^ *' ui/-' OCT ■ 



ixv-' pa 



(A.18) 



(A.19) 
(A.20) 



B SO (10) matrices 

As well-known, the vector representation of SO(IO) is given by the 10 x 10 real orthogonal 
matrices. Its Lie algebra in the same representation corresponds to the antisymmetric 
10 X 10 real matrices. From these properties is then straightforward to realize that the 
vector and the adjoint representations of SO (10) are always anomaly free in any dimen- 
sion 2n with even n, since the trace of an odd number of generators vanishes exactly^. 
So, e.g. in 4d, SO (10) is usually regarded as a safe group with respect to anomalies. 

The traces of an even number of generators are non-vanishing. For the case of four 
generators, giving the 6d bulk non-abelian anomaly, the normalization of the traces in 
the adjoint and spinor representation with respect to the vector representation for SO(N) 
reads (cf. [30]) 

tradji^^ = (A^-8) trveci^^ + 3(trveci^')' , (B.l) 

tr.pinF^ = -2(^- ^°)/^ tr_F^ + 3 2(^-^^)/^ ( tr_F^) ' . (B.2) 

■^The spinor representation is also anomaly free apart in d = 8 dimension. 
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For the case of two generators, instead 

tr • - 



(TV - 2) trveci^' 



(B.3) 
(B.4) 



Without loss of generahty, we can take the group breaking parities in the vector 
representation to be 



/ 



Pps — 



-(7° 






















-(7° 




















/ 


(7^ 






Pgg — 



\ 
















a 









(7° 







(7^ 





\ 





\ 





-'J 



(B.5) 



(B.6) 



where is the 2x2 unity matrix, while o"^ is the Pauli matrix. These operators belong 
to the involutive automorphisms of the Lie algebra of SO(IO) and single out as invariant 
subalgebra the maximal compact subalgebras of the SO(IO), i.e. S0(6)x S0(4) and 
SU(5)xU(l) respectively. Note that Pps is a group element of SO(IO) and therefore we 
have also in this case, using Pp^ = Pps and PpsT"' = T^-Pps, 



tr (Pp5^"{^^ T"}) = -tr (Pp5^"{^^ t"}) = o . 



(B.7) 



Therefore the anomaly on the Pati-Salam fixpoint is given only by the contribution of 
the spinor representation. 

Pgg and correspondingly Pfi = PpsPgg are not SO(IO) group elements and so a 
non- vanishing anomaly arises also from the vector representation at i/gg and y//. 

C Mode functions on 



On the torus functions with y — {z^,z^), can be expanded with respect 

to the following orthonormal basis. 



m,n;a,b,c 



(C.l) 
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Here m, n are integers and a,b,c — +,—, with 



6(c) are + or — for m{n) even or odd, respectively. The integers m and n run in the 
region n > for m = 0, and oo > n > —oo for m > 0, for example. 

Mode functions for all m and n, even or odd, will be collectively denoted by 
The two sets of mode functions, ^+ and are related by differentiation, 

(C.4) 

(C.5) 
(C.6) 
(C.7) 







= 


m 

Rb 


a Cmn 
05C,-bc — 


_|_/\/f C'^'n- 




n 
Re 


o tmn _ 

06i;+bc — 








-\-M 







and satisfy the orthonormality conditions 

firRs rnRe 
dz^ / 



rnR, r.Rs ^ 5 w ^nn'-^aa' ^66' 4c' ■ (C.8) 

J —■wRr, J—nRfi 



The mode functions are even/odd under reflections at the four flxpoints of the orb- 
ifold T^iZ^ X Zf^ X ^2^^), yi = yo = (0,0), 2/2 = 2/P5 = (7ri?5/2,0), 1/3 = i/gg = 
(0,7ri?6/2), 1/4 = 2//; = (7ri?5/2,7ri?6/2), 

eS"c(-y) = ±eS"c(y), (C.9) 

C±c(y2-y) = ±C±c(y2 + y), (c.io) 

a^(?/3-?/) = ±a^(?/3 + ?/), (c.ii) 

C±±(2/4-2/) = ±C±±{y^ + y)- (C.12) 

Furthermore, the following completeness relations hold, 

E(C;+(2/)-e--(2/)) = S^+iy), (C.13) 

mn 

E(C+-(?/)-r!!l(?/)) = (C.14) 

mn 

E(C-+(?/)-e-f-(?/)) = s-4y), (C.15) 

Ete--(z/)-ef+(i/)) = (C.16) 
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where 



with 



s++{y) = \iHy) + Spsiy) + SGGiy) + Sfiiy)) , (C.i7) 

5+4y) = l(5o(y) + 5ps{y)-5GG{y)-5fi(y)) , (C.18) 

S-+{y) = \{So{y)-Sps{y) + SGG{y)-Sfi{y)) , (C.i9) 

S-iy) = l{So{y)-Spsiy)-SGG{y) + Sfiiy)) , (C.20) 



So{y) = I + yi) + 5(y + 2/1 - 2^2) 



+S{y + 1/1 - 22/3) + 5iy + 2/1 - 21/4)) , (C.21) 
Sps{y) = -(% + ^2) + % + 2/2 - 2^/2) 

+ y2 - 2^3) + <^(y + y2 - 2^4)) , (C.22) 

s{y + y^) + Ky + y3- 2?/2) 

+5(2/ + 2/3 - 22/3) + 5(2/ + 1/3 - 22/4)) , (C.23) 



(^GG(y) = ^ (5l?/ + ?/3) +(^(?/ + ?/3 - 22/2) 



= ^ ('5(1/ + 1/4) + 5(2/ + 2/4 - 22/2) 

+5(2/ + 2/4 - 22/3) + 5(2/ + 2/4 - 22/4)) . (C.24) 
Summing over all even and odd modes yields 

E (er (y) - e-'^'(^)) = E E (Cftf (y) - e-(-%(-c)(y)) 

mn be fnn 

= (5++ (2/) + 5+- (2/) + 5-+ (2/) + 5— (2/) 

= 5o(|/). (C.25) 

A complete set of orthonormal modes on the circle 5"^ is obtained by dimensional 
reduction, 



it,{z') ^ ./2^e C^Uy) ■ (C.26) 



The corresponding ortho normality and completeness relations are {y = z^), 



dy W = Srr^^^S^a'Sw , (C.27) 



E(ef(i/)-e'(?/)) = EE(C6(i/)-a'(z/)) 

m b 

= l(5(2/) + 5(y-7ri?5)) . (C.28) 
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D Physical versus covering space anomalies 



D.l TVZ2 

The physical space of the orbifold T"^ / Z2 can be parameterize by the rectan- 
gle ((— 7ri?5, 7ri?5], [0, Tri^e]), while the covering space is given by the torus, i.e. 
((— 7ri?5, 7ri?5], {—ttRq^ttR^). Let us extend a smooth function / on the orbifold to the 
whole covering space using the orbifold symmetry, keeping 

/ d'yfiy) ^ f /yfUy). (D.l) 

It is then easy to see that we have 



fcovi^ ) ^ ) * 



(D.2) 

If(z^-z^), z^<0 



Note on the other hand that both spaces contain fully the same fixed points, i.e. 
yi = (0,0), y2 = (7ri?5,0), ys = (0, tt-Rq) and 1/4 = {nR^^nRo). For a localized delta- 
function at any fixpoint yi we have therefore automatically 

l^^^fyS(y - yi) = l/yS{y - yi) . (D.3) 

So for a generic covering function 

Acoviy) = fcoviy) + S{y-yi) , (DA) 
the physical function on the orbifold y e T"^ jZ-i reads simply 

A{y) = 2j^{y)^b{y-y,). (D.5) 



D.2 rV(Z2 X Z2 X Z2) 

The physical space of the orbifold T'^jiZ^ x Z2 x Z2) can be parameterized by the 
rectangle ([0,7ri?5), [0, 7ri?6/2]), while the covering space is given again by the torus, i.e. 
((— 7ri?5, yri^s], (— vri^gi tt-Rg])- The volume of the torus is eight times the volume of the 
orbifold T^/ {Z2 x Z2 x Z^). So for any smooth function respecting the orbifold symmetry, 
we can again define 

l^i/vm -j^/yfUy). (D.6) 

Then the function on the covering space, satisfying the above relation, is given by 

fUy) - { ^'^^^ ' ' ' (D.7) 

\f{P{y)). yiT-lzlP{y)eT^lzl 
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where P is the action of the orbifold parities that brings y from the torus inside the 
physical space. 

Note on the other hand that the torus contains four times more fixpoints than the 
orbifold physical space, as shown in fig. 1. Then for a localized function on a fixpoint, 
we have for i — O, PS, GG, fl (cf. appendix C) 




(D.8) 



So, generically, for a covering function on the torus given by 



Acoviy) = fcoviy) + ^i{y) , 




we obtain on the orbifold T^/ {Z2 x Z2 x Z2) the physical function 



(D.IO) 
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